A model is proposed that considers aging and rejuvenation in a soft glassy material as respectively a decrease and an increase in free energy. The 2 | P a g e
I. Introduction
Glassy soft materials such as concentrated suspensions and emulsions, foams, colloidal gels and variety of different pastes are routinely used in industry as well as in everyday life. In this class of materials either the crowding of constituting entities and/or inter-particle attractive/repulsive interactions kinetically restrict the same from achieving the equilibrium structures. 1-3 However, microscopic mobility of the constituents arising from the thermal energy induces slow but steady structural evolution to form progressively stable structures. This process of structural recovery is also known as physical aging, 3 wherein free energy of a material decreases as a function of time. If such material is subjected deformation field, the structure evolved during aging gets altered, which usually causes reversal of physical aging. 4 The corresponding process is termed as rejuvenation. The rheological behavior of soft glassy materials (SGMs) is determined by competition between aging and rejuvenation for a given deformation field, which leads to many unusual and sometimes opposite effects such as time dependent yield stress, [5] [6] [7] [8] viscosity bifurcation, 9, 10 shear banding, 5, [11] [12] [13] [14] delayed yielding, 15, 16 delayed solidification, 17, 18 overaging, [19] [20] [21] presence of residual stresses 22 and strains, 23, 24 etc. In this paper we present a model that accounts for aging and rejuvenation in terms of evolution of free energy influenced by deformation field. In addition to describing many of the above mentioned experimental behaviors, the model prescribes criterion for their occurrence based on the behaviors under quiescent conditions.
In a process of physical aging relaxation time and sometimes elastic modulus of a glassy material evolve as a function of time while attaining progressively low free energy states. [24] [25] [26] [27] [28] [29] As a result a solid-like character of a glassy material increases gradually as a function of time. Application of deformation field attenuates the rate of evolution of relaxation time and eventually causes decrease in relaxation time. In the limit of sufficiently strong deformation field, the time evolution of material stops and material (shear) melts to form a liquid. 15, 24, 27 Subsequent to the shear melting the physical aging reinitiates in a material. In a traditional rheology literature this phenomenon is represented as thixotropy. 30 SGMs also demonstrate yield stress; and depending upon whether yield stress evolves with time or remains constant, the materials have been respectively termed as thixotropic and simple yield stress materials. 5 While the recent literature indeed proposes existence of real yield stress in both thixotropic and simple yield stress materials, it has been long argued in the rheology literature that existence of real yield stress is a myth and in reality material only undergoes transition from a weak flowing regime to a strong flowing regime leading to so called engineering yield stress. 7 The SGMs have also been observed to demonstrate shear banding 31 . In the thixotropic yield stress materials, constitutionally the stress does not exist for the strain rates below the critical value. 5, 13 Consequently, imposition of strain rate below the critical value leads to banding, wherein one band flows with the critical strain rate while the other does not flow. The relative width of each band depends on the values of imposed and critical strain rates.
Existence of thixotropic yield stress also leads to viscosity bifurcation wherein application of stress below the threshold value cannot stop divergence of viscosity. 9 On the other hand, application of stress above the threshold leads to viscosity to achieve a finite value as a function of time. Rather than showing viscosity bifurcation, some materials show delayed solidification or delayed yielding. In the former, application of stress, no matter how large it is, leads to either constant viscosity or decrease in viscosity for a prolonged period before showing sudden enhancement. 17 In delayed yielding, on the other hand, application of stress cannot restrict enhancement in viscosity as a function of time in the initial period. However, in the limit of long times, material undergoes sudden yielding thereby inducing the fluidity. 15, 16 Under application of strong deformation field a material rejuvenates, and consequently material is in a liquid state. The aging of a material subsequent to rejuvenation can be monitored by applying no stress or constant strain. In the former case of no stress, strain recovers as a function of time.
Interestingly, however, if a material is subjected to creep during the period of strain recovery, resultant strain may show a non-monotonic dependence on time, causing an apparent paradox as observed experimentally. 23, 24, 32 Instead, if strain is kept constant subsequent to the rejuvenation, stress relaxes.
However depending on the characteristic feature of an SGM, stress may show a complete relaxation, power law dependence on time or a non-zero plateau (residual stress) in the limit of long times. 22 The effect of aging on both the phenomena, stress relaxation as well as strain recovery has, however, not ben studied theoretically.
Various models that capture rheological behavior of the thixotropic materials have been proposed in the rheology literature. 33 According to Mewis and Wagner, 30 there are three aspects common in such modeling approaches.
The first one is evolution equation of empirical structure parameter (usually proposed that the models in this class can be represented by a simple evolution expression for an arbitrary structure parameter l , given by:
This expression suggests that the structure builds up with a constant timescale 0 T , while the destruction term is proportional to strain rate g  with a prefactor Q that grows with l . Coussot and coworkers 9 showed that steady state stress and strain rate shows a non-monotonic relation for a suitable choice ( ) Q l and viscosity ( ( ) h l ). A class of models has also been proposed by representing l as a fluidity that is as an inverse of characteristic relaxation time. 35, 36 By considering various functional forms for decrease in fluidity as a function of time (aging) and increase in the same as a function of deformation field (rejuvenation), Derec et al. 35 and Picard et al. 36 proposed different kinds of relationships between steady state stress and strain rate, including nonmonotonic, which lead to variety of rheological phenomena shown by SGMs.
Particularly the non-monotonic relation between steady state stress and strain rate leads to qualitative prediction of various important rheological behaviors reported for SGMs such as viscosity bifurcation, thixotropic yield stress and shear banding.
While thixotropy/fluidity models tend to capture essence of the physics associated with soft glassy dynamics, more rigorous models such as soft glassy rheology (SGR) model and mode coupling theory (MCT) have been developed to study the soft glassy dynamics. MCT is developed, in principle, for colloidal glasses wherein cage diffusion is known to get progressively sluggish as particle concentration increases. 37 MCT considers that since the cages are nothing but the surrounding particles, whose diffusion is also similarly affected, there exists a forward feedback mechanism that impedes relaxation of the fluctuations in density. Consequently at certain concentration the relaxation time diverges causing glass transition. MCT predicts an onset of glass transition well, and has been modified to include the effect of deformation field. 6 The present versions of MCT, however, do not demonstrate any physical aging. SGR model, 38 on the other hand, is primarily based on aging dynamics considered in
Bouchaud's trap model. 39 SGR model divides a material in mesoscopic domains and tracks evolution of each as a function of time for a given deformation field. The effect of deformation field in SGR model is considered through strain and is modeled as an activated process. The relaxation time of an individual mesoscopic element directly depends on strain as:
, where E is the depth of energy well in which an element is trapped, 0 t is an inverse of attempt frequency and 2 1 2 kg is energy gained by the element due to strain g . Noise temperature x suggests energy available for activation, and in a normalized form x =1 is a point of glass transition below which material shows physical aging. Upon cage diffusion element gets trapped in a new cage whose depth is obtained from a prior distribution. For a given deformation field and at any point in time, distribution of energy well depths, in which elements are trapped, is related to stress that gives the constitutive equation. Both MCT and SGR model demonstrate many experimentally observed rheological behaviors of SGMs; 1 and although mathematically and computationally demanding, these models render microscopic insight into the glassy dynamics intercepted by the deformation field.
Physical aging takes place not just in SGMs but also in polymer glasses, wherein enthalpy decreases as a function of time. 40, 41 Aging in polymer glasses is usually modelled by considering decrease in specific enthalpy to be a first order process. [41] [42] [43] Typically the departure from equilibrium is defined as: 
where t is relaxation time that depends on departure from equilibrium h d . If t is small, the time taken to establish equilibrium is also small. The dependence:
is obtained from Adam-Gibbs Theory and is given by 46, 47 ( )
where B and C are constants, T is temperature while c s is configurational entropy, which can be obtained by knowing the difference in heat capacity of material in crystal and liquid state. Interestingly this simple model, which considers aging to be a first order process, allows excellent prediction of the time dependent physical behavior of variety of amorphous polymers at different temperatures and upon step up and down temperature jumps. 45 
II. Model
The SGMs are thermodynamically out of equilibrium materials. Every material, which is not at thermodynamic equilibrium, has a natural tendency to approach the thermodynamic equilibrium state. 49 However in order to facilitate such approach, the microscopic constituents of the SGMs are needed to be sufficiently mobile (thermal energy). Typically the soft materials are exposed to constant P (pressure) and constant (controlled) T conditions. In addition, by virtue of incompressible nature of the same, these materials also do not undergo any change in u (specific volume) as a function of time. Under such conditions, the equilibrium state in these materials can be characterized by minimization of either Gibbs ( g ) or Helmholtz free energy (a ). 49 Since g a Pu = + , when P and u are constants, minimization of g and a are equivalent. Therefore, in the analysis below we discuss this scenario, only in terms of free energy. In the process of aging, under quiescent conditions, structure of an arrested soft material undergoes spontaneous evolution such that it progressively attains lower free energy as a function of time.
Typically in SGMs solid to liquid transition occurs upon application of a strong deformation field, a process typically known as rejuvenation or shear melting. The completely shear melted samples, immediately after the shear melting is stopped, can be considered to possess the highest free energy: 0 g .
On the other hand, the minimum value of free energy is associated with that of the thermodynamic equilibrium state and is given by: g ¥ . If decrease in free energy (g ) with respect to time is assumed to be a first order process, we get:
where f is the normalized excess free energy defined as:
is dimensionless time and
is dimensionless relaxation time, where 0 t is the relaxation time of a soft glassy material in its completely rejuvenated state ( ) 1 f = . In equation (4), we assume that the rate of change in free energy is proportional to excess free energy divided by the time scale of structural rearrangement
material. This time scale is equivalent to the relaxation time of a material, which is suggestive of the mobility of the constituents in a material at any given f . As mentioned before, any material which is out of thermodynamic equilibrium, aspires to achieve the thermodynamic equilibrium. However material can be driven out of thermodynamic equilibrium in a trivial sense by perturbing an equilibrium material to high energy states. The consequent response that establishes equilibrium is merely a transient and not a physical aging if the relaxation time is constant. As suggested by Fielding and coworkers, 38 for any process to qualify as physical aging, its relaxation time must increase during the time over which the relaxation takes place.
Consequently, ( ) In particulate suspensions, increase in volume fraction (j ) of the suspended particles, which curbs the mobility of the same, is also known to cause increase in relaxation time ( t ). The corresponding relation between t and j is due to Krieger and Dougherty, 50 which has been extensively used in the literature, and has been experimentally validated for variety of suspension systems. 37 Furthermore, the mode coupling theory (MCT), which predicts onset of glass transition in the colloidal glasses well, also employs identical functional form as that of Krieger and Dougherty. 37 In both the forms t of suspension diverges according to a power law ( ) 
where b is a parameter. In this expression, we use ( ) 
Equation (4) can be solved using equation (5) to yield:
For various values of b , and for any arbitrary functional form of ( ) f f that satisfies above two conditions, t  is expected to show stronger than linear, weaker than linear or linear dependence on t  according to equation (6) .
Equation (4) 
The proposed expression of relaxation time given by equations (5) and (7) can now be used to solve differential equation (6) to obtain dependence of t  on t  under quiescent conditions.
The initial condition to solve equation (6) can be represented as: 
where 
In a dimensional form equation (9) is represented by:
Interestingly relaxation time of many glassy materials, which include soft, molecular and spin glasses, demonstrate power law dependence on time given by equation (9) . 24, 28, 38, 41, 51, 52 It is therefore interesting to see the proposed relation between t  and f given by equation (5) with an assumption of equation (7) 
Equation (12) is obtained by solving equation (10) or (11) in the limit of 1 m ® . It can be seen that for hyper-aging ( )
where f * is given by:
indicating divergence of relaxation time before the equilibrium state is reached 26, 29 Such behaviors can originate from imposition of another field on a material, which tends to increase or decrease the characteristic timescale of a material beyond that can be achieved by merely a physical aging process. In case the process of time dependent decrease in free energy is not entirely physical, but partly chemical, so that it is irreversible, material tends to show hyper-aging dynamics. 29, 53 It is usually observed that, in an aging process, modulus of the glassy materials either remains constant or increases as a function of time. However, even in the latter cases, enhancement in modulus is usually not as spectacular as that of relaxation time. Scaling argument suggests that if E is the average depth of the energy wells in which constituents of a soft glass are arrested, modulus can be represented as energy density:
, where b is the characteristic length-scale (such as average inter-particle distance or network length) associated with a material and c is constant of proportionality. 46 Consequently if E remains constant throughout the aging process, modulus of a material will remain constant even if relaxation time shows increase as per equation (9). Such possibility arises if the aging behavior of a system is purely entropic. Such scenario is observed for particulate colloidal glasses with hard sphere interactions, wherein energy is identical for all the states, and aging is controlled by maximization of entropy (s ). Such case can also be equivalently represented by minimization of free energy as: g h Ts = -, as for entropic systems h is constant throughout the aging process under isothermal and isobaric conditions. Therefore for purely entropy controlled aging systems modulus can be represented as:
where
is dimensionless modulus and 0 G is the constant modulus. Application of the deformation field increases f . We assume that the rate of increase of f to be directly proportional to rate of strain ( ) 
. 54 Consequently, equation (4) can be modified for evolution under application of deformation field as:
 is strain rate in a dimensionless form. Equation (16) is the evolution equation for f under application of deformation field. The strain rate associated with viscous flow can be directly related with stress tensor as:
is a product of relaxation time and modulus, which can respectively represented by equations (10) to (12) and equation (14) or (15) . For a simple shear flow field equation (16) can therefore be modified to:
is dimensionless shear stress.
Usually the soft glassy materials are viscoelastic in nature. We can, therefore, use a single mode Maxwell model, which is the simplest constitutive equation for a viscoelastic material. For a time dependent modulus and viscosity a single mode Maxwell model is given by:
Here σ is stress tensor and G and h are time dependent modulus and viscosity of a material respectively. In equation (18) the first and the second terms are respectively the viscous and the elastic contributions to the strain rate. It is important to note here that in equation (16) it is assumed that f gets affected only by the viscous component of the strain rate. This is because energy associated with elastic strain remains stored in a material and therefore the corresponding rate does not cause rejuvenation. We also show in the next section that even though stress is applied on a material in one direction (positive) or applied stress is zero there could be strain rate in the spring
in the opposite direction (negative) due to increase in modulus or due to recovery. In this case, although E  γ has a negative sign (assuming σ to be positive or zero) its second invariant will always have a positive sign.
However, physically such reverse strain rate cannot cause rejuvenation in a material further justifying usage of only the viscous component of the strain rate in equation (16) .
Equation (16) in a rate controlled form or equation (17) in a stress controlled form is the proposed expression for evolution of f . On the other hand, equation (18) is the constitutive equation associated with the model.
Furthermore, we assume that the relation:
equations (10) to (12) is intrinsic in nature and is independent of the nature and the strength of a deformation field. Therefore, a deformation field affects the evolution of relaxation time only through its dependence on f . As discussed before, under quiescent conditions (no deformation field), t  of a material shows power law dependence on t  as observed experimentally. Under application of deformation field, however, f is expected to decrease or increase leading to increase or decrease in t  .
Interestingly evolution of f expressed by equation (16) can be transformed to a generic functional form given by equation (1) proposed by Coussot.
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Multiplying equation (16) by t f  leads to equation (1) with
. However unlike various previous approaches, that employ arbitrary functional forms for ( )
, the present model only needs expression of t  given by equation (5), which has been derived from physical arguments and comply with the experimental observation under quiescent conditions. For systems whose modulus increases with t  , the present model has three parameters in a dimensionless form that are physically meaningful. The first is rate of aging m , the second is constant A (which is equal to 
III. Results
To begin with we shall discuss results associated with the steady state predictions. In the limit of steady state, since E  γ =0, equation (16) 
On the other hand, equation (17) 
In 
where the constant of proportionality is dimensionless viscosity ss ss 
For a material with time dependent modulus, numerical solution of equation (22) gives c f from which c g   and c t  (represented in figure 1) can be obtained by using equations (19) and (20) of time (non-thixotropic yield stress). As shown in figure 3 , y t  can be seen to be increasing with m as well as A as per equation (23). curve is monotonic, a material will flow irrespective of the value of applied stress (The scenario for a material with constant modulus will be similar to that discussed for figure 4(a) as curves shown in figure 3 are also monotonic except the fact that those depict a plateau associated with permanent yield stress). For figure 4(b Consequently a material will not attain the steady state.
The presence of non-monotonic flow curve as shown in figure 4(b) , therefore leads to a natural dependence of yield stress on f given by:
Since i f decreases with time, the yield stress y t  will first remain constant for
as shown by equation (24), and then increase with time for i c f f f * < < as per equation (25) . In figure 5 we plot variation of y t  with t 
for different values of A , m t  and m . It can be seen that y t  is constant at small times and subsequently shows a logarithmic dependence on t  . In addition, the dependence of y t  on t  becomes stronger with increase in all the three variables: A , m t  and m . As explained in figure 4 (b) and as described by equations (17) and (25), we can propose a thixotropic yielding criterion that upon application of stress t on a material in a momentary state i f , if f continues to decrease towards f * material will not yield. On the other hand, if application of stress causes evolution (increase or decrease) of f so that it stabilizes at a value equal to or above c f , a material will yield.
As described by equation (17), whether material yields or not, physical aging is affected by the strength of a stress field. Time evolution of relaxation time under a stress field can be obtained by manipulating equations (10) to (12) and (16), and is given by: (20) by f ). Therefore, equation (26) can be expressed in a simpler format:
( ) (8) and (27) .
For t  =0, evolution of t  , as per equation (8) 
We represent this scenario in figure 6( (19) and (20) . Subsequent to the cessation shear melting if strain is kept constant, decay in stress can be easily estimated by simultaneously solving equations (16) and (18) with t  given by equations (10) to (12) 
instantaneous stress remained in a material as it relaxes. In figure 9 we plot t  can be seen that higher the value of i f is, greater is the plateau value of t  in the limit of 0 t ®  . Furthermore this value is independent of m as per equation (20) . Figure 9 shows that for m =0.9 stress decays to 0, while for m =1 stress shows a power law decay. For m =1.1, on the other hand, stress shows a plateau in the limit of high times describing a presence of residual stress. The most prominent feature of figure 9 is that irrespective of the initial value of stress, in the limit of long times all the stress relaxation curves coincide for a given value of m . Consequently, according to the present model, the residual stress is independent of the initial stress or a state of a material. irrespective of whether modulus increases or not, stress must decay complete for 1 m £ . However for m =1.1, at large times the relaxation curves in Figure   10 are observed to demonstrate a minimum, which can be attributed to time dependent increase in modulus. Nonetheless, as mentioned before, as relaxation time diverges to ¥ , modulus eventually must reach a constant value. Consequently residual stress also must reach a constant value. In the inset of figure 10, we represent a schematic wherein possible scenarios are described. Depending upon when modulus reaches a constant in relation with increase in relaxation time, stress may or may not show a minimum before reaching a residual stress plateau in the limit of long times. In the limit of very small times, if modulus shows enhancement, stress may also show increase in that limit before beginning to relax. Although to best of our knowledge increase in stress during stress relaxation of aging SGMs has not been reported in the literature, the present work clearly predicts such possibility particularly for those materials that show very prominent increase in modulus as a function of time.
Subsequent to cessation of shear melting, instead of keeping strain constant, if stress is removed ( t  =0) the material will undergo strain recovery.
It is known that upon removal of stress a single mode Maxwell model undergoes an instantaneous recovery. 57 However in real viscoelastic (including soft glassy) materials recovery occurs over a finite (and sometimes a prolonged) period of time. The period over which recovery takes place is controlled by retardation timescale associated with a material. Therefore, in order to solve a strain recovery problem, we consider a dashpot (with viscosity d h ) in parallel with the spring. Consequently the corresponding Voigt element (spring and dashpot in parallel) will have a retardation time given by:
, where G is the modulus associated with the spring. It should be noted that in addition to Voigt element there also exists a dashpot with viscosity h in series (same as that of Maxwell model), by virtue of which the system also has a relaxation time ( )
However this series dashpot does not play any role during recovery as the deformation of the same is always permanent, consequently V g   =0. We assume that d t represents an average retardation time of a material, whose average relaxation time is ...
However if relaxation time undergoes a time dependent evolution according to equation (8) , causality demands that retardation time also must show the identical time dependence. 53 As a result, the mean retardation time is given by:
where a is a constant and is given by: 
(
The ultimate recovered strain ( ) g ¥ can be obtained from equations (30) to (32) in the limit of t ® ¥  and is given by:
In figure 11 we plot ( ) that for 1 m £ the total elastic strain sm g indeed gets recovered in the limit of long times. However for 1 m > only part of the elastic strain gets recovered leading to presence of residual elastic strain in a material. This is because; owing to aging, average retardation time of a material diverges converting the dashpot, which is in parallel with the spring, into a rigid rod preventing any further recovery of the spring. In figure 12 we plot an effect of average retardation time by varying factor a on the recovery behavior. It can be seen that decrease in a , which corresponds to decrease in retardation time at any fixed aging time, magnitude as well as the rate of recovery increases. In the inset we plot 
IV. Discussion
The most prominent result of the proposed model is that, for a material with time dependent modulus for 1 m > , the steady state relation between stress and strain rate is non-monotonic. On the other hand, for a constant modulus with 1 m > a material show a plateau of constant stress in the limit of small strain rate. For while for 1 m £ the steady state flow curve is always monotonic. We believe that this result is not limited to only power law dependence of relaxation time on waiting time. Any dependence between relaxation time and waiting time, which is stronger than linear, must show a behavior similar to that observed for 1 m > . Conversely any dependence which is weaker than linear should result in monotonic dependence between steady state stress and strain rate. The non-monotonic relation between stress and strain rate for the present model gives rise to thixotropic yield stress. As suggested by the present model. Interestingly Bécu et al. 60 suggested that in a simple concentrated emulsion if attractive interactions are induced, it shows thixotropic shear banding. Although Bécu et al. 60 do not measure the modulus, we believe that attractive interactions will indeed induce evolution of modulus in accordance with the present model. Experimentally such behavior has also been observed for variety of SGMs such as suspensions of charged particles including smectite clay, 61-63 cement paste, 63 for which not just m is expected to be greater than unity but modulus also shows prominent increase as a function of time. The present work therefore also suggests that polymeric materials undergoing crosslinking reaction, wherein relaxation time shows stronger that linear dependence on time and modulus shows prominent increase, 53 should also demonstrate shear banding.
The very fact that the steady state relation between stress and strain rate is monotonic for 1 m £ implies absence of thixotropic yield stress.
Consequently, a material with 1 m £ must yield for any value of applied stress. However, as apparent from figure 6(a), even with 1 m £ , smaller the stress is larger time it takes to stop enhancement of relaxation time. In practice yield stress is estimated by applying linear or oscillatory stress ramp.
Since stress increases from a small value to a large value over a finite time, at a certain stress material shows sudden enhancement in strain. As a result material shows apparent yield stress, which is greater than zero. This behavior, therefore, may manifest itself as undergoing weak flow below a certain stress and strong flow above certain stress, thereby resulting in so called "engineering yield stress." Furthermore engineering yield stress is expected to decrease with decrease in the rate at which stress is increased.
Presence of such engineering yield stress has indeed been reported by Derec et al. 51 for a moderate concentration (36 to 44 volume %) suspension of 100 nm silica particles with m =0.55.
Application of stress also affects the rate of evolution of relaxation time ( t m ). In the literature, t m has been experimentally estimated as a function of stress for soft microgel paste 24 and aqueous suspension of Laponite. 27 It has been observed that in the limit of small stresses t m m ® , while in the limit of large stresses 0 t m ® . As shown in figure 6 , the model predicts this behavior very well. foam, quick sand (mixture of fine sand, clay and salt water), physical gel with polymeric backbone, etc. 9, 10, 32, 64, 65 While for some of these materials the value of power law exponent m is not reported, for others it is around or above 1.
Strictly speaking the present model predicts viscosity bifurcation for 1 m > . Although Sprakel and coworkers 16 do not measure value of m , since yielding is observed for all the studied stresses, it could be possible that it is below 1.
Sprakel also observe that with decreases in stress, time to yield increases faster at small stresses while slower at large stresses. Interestingly figure 7 qualitatively captures this behavior. Baldewa and Joshi 15 The present model can express the first possibility by considering 1 m >> , wherein relaxation time diverges soon after shear melting is stopped. However, in this case owing to consideration of only a single mode, relaxation of stress will not be very significant as is the case with MCT. However, since relaxation modulus is given by:
, consideration additional finite relaxation modes may represent the decay of stress before it plateaus out. The second case is represented in figure 11 , wherein single mode with 1 m > can be seen to predict the right magnitude of decay. Furthermore Ballauff and coworkers 22 observe that greater the stress (or shear rate) induced during shear melting, faster is the relaxation of stress. In the inset of figure 11 , we plot two relaxation curves subsequent to shear melting at different rejuvenation stresses (or shear rates). The model indeed predicts that the relaxation is faster when shear melting stress is higher. This because higher shear stress at the time of cessation of shear melting induces to greater V g   in the dashpot (in opposite direction), which causes partial rejuvenation leading to slower increase in relaxation time. This facilitates greater relaxation of stress at early times as shown in in the inset of figure 11. However in the limit of long times all the relaxation curves, irrespective of shear melting stress/strain rate for a given m , superpose. Consequently, the present model shows that residual stress (or stress in the limit of very large times) is independent of the applied shear melting shear rate. The experiments of Ballauff and coworkers 22 show that residual stress shows weak increase with increase in shear melting shear rate. While those systems wherein stress decays completely, stress in the limit of very large but at identical time shows decrease with decrease in shear melting shear rate. We believe that this difference in the model prediction and the experimental results is due to consideration of only a single mode. We solve the present model (with constant modulus) for the suggested experiment by subjecting it to a suggested flow field shown in the lower inset of figure 13(a) . The model prediction for the two cases 1 m < and 1 m > is shown in figure 13(a) and (b) respectively. The model clearly predicts that materials with 1 m £ have a weak long term memory while materials with 1 m > have strong long term memory.
The strain recovery behavior of many SGMs such as microgel paste, 24 aging surfactant paste, 23 mustard, 32 clay suspension, 32 colloidal gel, 32 etc., has also been studied in the literature. The qualitative nature of the strain recovery in these systems is similar to that described in figure 11 . The model also predicts presence of residual strain for materials with 1 m > . However the experiments cannot report residual strain as it is difficult to distinguish between residual strain and irrecoverable strain due to flow (dissipation). In ( )
The key is location of c f given by equation (22) with respect to location of f * given by equation (13) . If 
V. Conclusion
SGMs are thermodynamically out of equilibrium materials. Consequently they undergo aging wherein microstructure progressively relaxes to attain low free energy structures as a function of time. During rejuvenation, on the other hand, application of deformation field either slows down or reverses the structural recovery. The rheological behavior of SGMs therefore strongly depends on competition between aging and rejuvenation, which is responsible for many fascinating effects. In this work we present a model that considers rate of change in free energy to be a first order process and is equated to sum of decreasing (aging) and increasing (rejuvenation) contributions. Aging contribution is assumed to be proportional to excess free energy divided by timescale associated with structural rearrangement or the relaxation time ( t ).
Consequently at smaller t , due to greater mobility of the constituents structural recovery is faster and vice a versa. The rejuvenation term is considered to be proportional to viscous component (dissipative) of rate of applied deformation field. We propose a dependence of t on free energy, which has same functional form that proposed by Krieger -Dougherty equation or mode coupling theory in particulate suspensions. Remarkably the proposed relation leads to a power law dependence of t on time with exponent m in absence of any external deformation field as observed experimentally for a variety of glassy materials. We consider two cases for modulus. In the first case we consider modulus to be constant as observed for entropic aging systems. In the second case, we derive an expression for time dependence of modulus based on simple scaling arguments. Availability of relaxation time and modulus scale naturally leads to consideration of the single mode Maxwell model as a constitutive relation. The model has respectively two and three parameters depending upon whether modulus remains constant or not. All the three parameters can be estimated experimentally.
Interestingly, for 1 m > , it is observed that steady state relationship between stress and strain rate is monotonic with low shear rate stress plateau when modulus is constant, while non-monotonic for time dependent modulus.
The former scenario leads to thixotropy with true but constant yield stress.
On the other hand, non-monotonic relation implies presence of a thixotropic 
